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Obtaining Confidence Intervals for the Risk Ratio in Cohort Studies

D.KATZ,l. BAPTISTA,S P. AZEN'and M. C. PIKE

Departments of Community s nd Family Medicine and Biomedical Engineering,
University of Southern California, 2025 Zonal Avenue,
So* ) Los Angules, California 90033, U.S.A.

: | _

Summary

{ Three methods of obtaining conficenée intervals for the risk ratio of failure in two independ-
ent binornial samples are compared. 'The three are'(A) the method of Thomas and Gart (1977),
mof | (B} an adaptation of the method of Fieller using the normal distribution, and (C| a proposed
esof | method using a logarithmic transformation. On the basis of extensive simulations we have
concluded that Method A (s reasonable bur conservative, Method B is erratic and should not be
used, and Method C is reasonable and less conservative than Method A. Method C, computation-
lo?, * ally the simplest. is recommended.

1. Introduction

In a two-group cohort study a parameter of major interest is the ratio R, sometimes
termed the risk ratio, of the probabilities of failure in the two groups (see, for example, Fleiss
1973). We assume that we have dzta from two independent binomial populations: x ~
Brl(N,, p.) and p ~ Bnf(N_, p.) wherc p, and p, are the respective failure probabilities, and R
S = p./p.- The data may be arranged n 2 X 2 table form as:

x m—-x N,
y Nc__y‘ Nc
m N—m N

The most commonly used estimate ¢f R is R = /., where f, = x/N, and j. = y/N..

[n this paper we compare by sinwulation three methods of obtaining approximate con-
fidence limits for R. Since many examples of cohort studies are characterized by relatively
small p’s and reasonably large samrle sizes, this situation js emphasized in the simulation
studies.

2. Adpproximate Methods

We consider different methods of calculating a lower (1 — a) confidence limit R, for R.
ance f Upper (1 — ) confidence limits for R may be derived in a similar fashion. In all methods N,
and and N, are assumed to be fixed.

s, No method is known for calculating R, such that

daf
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for all appropriate p, and p,. and with equality for some p, and p.. Nor is 2 method known [
with this property when the sample results are conditioned on fixed m. However, at least
three essentially different approaches to calculating R, to achieve approximate equality in (1)
for all appropriate p. and p, are possible, The first (Method A} considers the odds ratio, the
second (Method B) the variable (5. — Rj.), and the third (Method C) the variable log(f./5.).
Details are as follows:

Method A: The probability distribution of x conditioned on fixed m depends on p, and p.
only through ¢ = [p.(1 — p.)]/[p(1 — p.)], the so-called odds ratio, and may be written as

flxlm) = [CWe X)CNe, 7= ) 471/ LZ"‘Z C(N;, HCWNe, m = i) w‘J :
A lower (1 — a) confidence limit, ¥,, for ¢ is the solution of
% folm =«

Given this ¢,, Thomas and Gart (1677) suggested that one first solve

Vi = {xglxe + Ne — m)/{(m — xp) (N = x;)} (2)
for x, (0 < x;, < min(N,, m)), and then set : o
R, = (xt/N)/{(m — x1)/Ne}. (3) —
They claimed that this procedure for :alculating R, was exact in the sense that Pr(R, < R|m)
> 1 — a for ali R compatible with y. Mei

Table 1 shows, however, that this method only produces approximate confidence inter- J by .
vals. The table gives for N, = N, = !0 (the smallest sample size considered by Thomas and

Gart), m = 24, 1 —a = 0.8, and ¢ = 0.125 the exact probability that R, < R for different | sub
values of R. The probability that R, < K increases steadily with E(m) = N:p: + N.p., the esti
expected value of m, and is equal to the nominal probability (viz. 0.808) only when m =E(m). whi
Method B: The variate p, — Rp. is approximately normally distributed with zero mean | me:
and approximate variance 5.4./N, + R*p.§./N., where §, = 1 — p, and §. = | — f.. An inf
approximatc R, may be obtained by solving
(Be — RepI/T5eGe/Ne + Ri*DeGe/ N = 214, : Ny
where z,_, is the 100(1 — a) percentage point of the N(0, 1) distribution (Fieller 1944). This ane
method can lead to negative or comnlex values for R;.
Method C: The variate log(p,/p.) = log(h.} = log(f.) is approximately normaily distrib- |
uted with approximate mean log(R) and estimated variance (1 — 5,)/x + (1 — f.)/y. Thus,a |
third approximate R, may be obtaired by solving Z| 0.0
{log(Br/be) — 10g(RUVI(N = po)/x + (1 = B}/Y) = 21w . obt
Mc¢
typ
3. Simulatio R
For each of the three methods the same 5000 independent pairs of samples were generated ser.
using the pseudo-random number zepefator of Pike and Hill (1966) with a refinement
suggested by Hill in Atkinson and Péarce (1976). cor
In all three methods R; was-faken to be zero when m = 0 or x = 0. In addition, in ! il
A C=Sap = A
< A K oe
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(1) - TABLE 1 i
Probabilifies of R Being Greater Thon or Equal fo R as Calculated by Method A: L
'“”: a=02,¢=01250p (¢ 2 ) =0.808,m =24, N, = N, = 20 :
:as
e e ———— —— = e — —— =
(1) E (m) =
the e e R PrRSR)  MNope+ Nope
be).
\ 0.029 0.19; 0.15 0.008 44
ip. 0.086 0.421 0.20 0.008 10.3
0.143 0.571 0.25 0.073 14.3
/ 0.2¢00 0.66” 0.30 0.267 17.3
0.257 0.73.§ 0.35 0.557 19.8
1 0.314 0.785 0.40 0.808 220
J 0.371 0.82§ 0.45 0.808 23.9
0.42%9 0.857 0.50 0.942 25.7
0.485 0.883 0.55 0.988 27.4
0.543 0.905 0.60 0.988 29.0
1 0.600 0.921 0.65 0.998 30.1
| 0.657 0.937 0.70 0.998 31.6
0.714 0.952 0.75 1.000 33.3
(2) 0.7 0.96¢ .80 1.000 347
] 0.829 0.975 0.85 7,000 36.1
| 0.886 0.984% 0.0 1.000 37.4
0.943 0.992 0.95 1.000 38.7
3 :
m)
Methods B and C, y = O was replaced by y = 0.5, and in Method B negative R, was replaced
tcrc; by R, = 0. If Method B gave complex roots or a disjoint interval, then Method C was
n substituted.
:;:C‘ The methods were compared jn terms of (i) the proportion of times that R 2 Ry, i.e., an

| estimate of the one-sided confidence coefficient, (ii) the mean distance below R of all R,

n). which were less than R, in order to assess the conservativeness of the method, and (iii) the

*al 1 mean distance above R of all R, which exceeded R, in order to assess the magnitude of error
An in failing to cover a true R.

Cases which were considered wete & = 0.025, 0.05 and 0.1; with gelected combinations of

N, = N.= 25,50, 100, 200 and 400; R = 0.25,0.5,0.667, 1, 1.5, 2 and 4; and Np. = 5, 10, 20

his and 40. Some combinations such as N, = 100, N.p. = 40 and R = 4 are impossible.

ib- 4. Results
s, 4 . ] .
The estimated one-sided confide1ce coefficients for the three methods for the cases @ =

) 0.025, N, = N. = 100, N.p. = 10, 20 and 40 are shown in Table 2 Similar results were
obtained for Methods A and C bit Method A tended to be slightly more conservative.
¢ Method B was erratic and failed to produce a meaningful R, 0.7% of the time: These were
typically cases where x was small. T 1e other two measures of the mean distances from R, to
R provided no additional informat-on for choosing among the methods and are not pre- |
ted sented. ’ .

ent | Examination of the remaining cases revealed that when Ncpc is small, Method A is
considerably more conservative than Method C and Method B is even more erratlc than '
in illustrated by the results in Table 2. '

L , _
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TABLE 2
Simulation Results for Lower 973% Confidence Limits for All Methods: N, = N, = 100.

Method
R Nepe A 8 c
025 10 0.988 0.994 0.969
20 0.982 0.992 0.958
40 0.982 0.987 0.966
05 10 0.986 0.985 0.976
20 0.983 0982 0.973
40 0.982 0.981 0.970
0.667 10 0.968 0.987 0.978
20 0.982 0.978 0.974
40 0.981 0.978 0.973
1.0 10 0.985 0.973 0.979
20 0.982 0974 0.978
40 0.981 0.972 0.972
1.5 10 0984 - 0.968 0.984
20 0.982 0.968 0.978
40 0.980 0.970 0.979
2 10 0.985 0.960 0.985
20 0.981 0.965 0.980
40 0.969 0.966 0.983
4 10 0.983 0.94% 0.987
20 0.970 0.955 0.985
40 —_— — —
J. An Application

To determine the risk ratio of urethral strictures in the male offspring of diethyl-
stilbestrol exposed pregnant women. a cohort study was performed (Henderson, Benton,
Cosgrove, Baptista, Aldrich, Townsend, Hart and Mack 1976). From N, = 111 unexposed
pregnancies, 17 offspring with symptoms of urogenital tract abnormalities and two offspring
with problems passing urine were found. From N, = 225 exposed pregnancies, the numbers
of offspring with the above two symrtoms were 55 and 29, respectively. Thus, the estimated
failure probabilities and risk ratio were g, = 0.153, g, = 0.244 and R = 1.6 for urogenital
tract abnormalities, and . = 0.081, £, = 0.129 and R = 7.2 for problems passing urine, The
three lower 97.5% confidence limits obtained from these data are presented in Table 3.
Method B failed in one case.

6. Discussion
Methods A and C produce similer and appropriate resuvits. Method B, which is erratic
and may fail, is not recommended.
Although computation by Method A requires the use of a digital computer, an approxi-
mate value for x, in (2) may be obtained using the method of Cornfield (1956). The
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TABLE 3
Three Lower 97.5% Confiderce Limits for the Risk Ratio of Urethral Strictures
— —_— ]

|

Symptoms of
U-ogenital Tract Problems Passing
Method Abno ‘molities (R = 1.6) Urine (R = 7.2)
A 0.965 1.862
B 1.019 —*
C 0.974 1.738

* Method B led to a disjoint interval for this rifuation.

approximate value of x, is the smallest root of the equation
) [(x = x) =05 X [x~t+(m=x)) '+ (N, = x )t + (xp + Ng = m)™ )% = 24, ,

¢ which can be calculated rapidly in ar. iterative fashion (Gart 1971). R, is then calculated from
(3). Simulation studies with this approximation yielded results similar to those of Method A.
Another method based on the Poisson distribution for the situation when p, and p. are
) small was suggested by Bross (1954, Simulation studies for this method yieided reasonable,
) althotigh conservative, results similir to those of Method A.
1{ Finally, another method based on the variate 5, — Rp. was suggested by Noether (1957).
When applied to the current probem, this method is asymmetric with respect to which
sample appears in the numerator of K, and for that reason is not recommended.
All methods can be used to prov de upper limits. Since we studied R < l aswellasR = 1,
1 similar conclusions would apply to upper limits. For all methods, two-sided limits can be
obtained as the combined upper and lower limits.
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ers
[.thal On compare trois méthodes pour obtznir des tntervalles de confiance pour le rapport de risque de

€ § défaillance de deux échantillons binsmiaux Indépendants Ce sont :

3. {A) la méthode de Thomas et Gart,

¢ {B) une adaptation de la méthac'e de Fieller utilisans la distribution gaussienne, et

(C) une méthode proposée utiliscnt la transformation logarithmique. Sur la base de simula-
tions extensives nous avons conclu: que la méthode A est ralsonnable mais copservarive, la
méthode B irréguliére et ne dolt pas étre utifisée, et la méthode C ¢st raisonnable et moins con-
servative gque la méthode A. La méthode C, la plus simple pour le calcul esy recommandée.

itic )
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